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Abstract
In manipulating data such as in supervised learning, we often extract new features from the original input variables for the purpose of reducing the dimensions
of input space and achieving better performances. In this paper, we show how
standard algorithms for independent component analysis (ICA) can be extended
to extract attributes for regression problems. The advantage is that general ICA
algorithms become available to a task of dimensionality reduction for regression
problems by maximizing the joint mutual information between target variable and
new attributes. We applied the proposed method to a couple of real world regression
problems as well as some artificial problems and compared the performances with
those of other conventional methods. Experimental results show that the proposed
method can efficiently reduce the dimension of input space without degrading the
regression performance.
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Introduction

In supervised learning, one is given an array of input variables to predict the
target value and there may exist irrelevant or redundant input variables to
complicate the learning process, thus leading to incorrect prediction [1] [2].
Even when the input variables presented contain enough information about
the target variables, they may not predict the target correctly because the
dimension of the input space may be so large that it may require numerous instances to determine the relationship between inputs and target. This
problem is known as the curse of dimensionality [1] which can be mitigated
by selecting only the relevant inputs or extracting new variables containing
maximal information about the target variable from the original inputs. The
former methodology is called feature selection or subset selection, while the
latter is named feature extraction which includes all the methods that utilize
functional mapping to generate new features from the original inputs

4

[3] [4].
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This paper deals with the feature extraction problems since it often results
in improved performance by extracting new features from the original inputs,
especially when small input dimension is required. Among the various feature
extraction approaches, we focus on finding an appropriate subspace spanned
by a set of linear transformations of the original input variables. This subspace
method includes popular algorithms such as PCA (principle component analysis) [5], ICA (independent component analysis) [6] [7] [8], and LDA (linear
discriminant analysis) [9]. However, most of these methods cannot be used for
regression problems since some of them such as PCA and ICA focus on finding
features by unsupervised manner and others such as LDA have been mainly
developed for classification problems.
Instead of using only up to the second order statistics as in LDA and its variants, methods utilizing higher order statistics such as mutual information have
been proposed [10] – [16] . Mutual information is a good metric to measure
the closeness between random variables [17], thus fits to the dimensionality
reduction tasks. Many algorithms based on mutual information have been
proposed for feature selection problems [18] [19] [20], however, researchers
have only recently begun to use it for feature extraction problems due to the
computational burden [10] [11] [13] [16]. Ullman et al. applied this to binary
classification problems with binary features [11]. Fisher et al. [12] [13] [14]
used the quadratic mutual information, which is related to Renyi’s entropy, in
feature extraction for classification problems. On the other hand, Kwak [16]
tried to directly maximize the Shannon mutual information between the discrete class variable and the newly extracted features. However, none of these
for the original input variable while the term feature is used for the transformed
variable.
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methods can easily be extended for regression problems because the mutual
information between continuous variables is still difficult to compute.
Recently, a feature extraction method ICA-FX which also utilizes mutual information was proposed [15]. Although ICA-FX is an extension of ICA whose
structure and the learning process are quite similar to those of standard ICA,
unlike ICA, it was developed for classification problems in that it includes
the output class information to find appropriate features. The algorithm attempts to maximize the mutual information between the features and output
classes indirectly under the assumption that the sources are independent of
the classes. By maximizing the mutual information between the class and the
features, it can construct new features that contain much information about
the output class.
As was overviewed, although many feature extraction methods have been developed for classification problems, relatively little attention has been taken on
the feature extraction methods for regression problems in the pattern recognition society.
On the other hand, in statistics, several algorithms have been developed as dimensionality reduction techniques for regression problems among which classical multivariate linear regression (MLR) [21] can be the basic. Although MLR
is the optimal in the sense of least squared error, it has a limitation that it can
only produce one feature. To overcome this limitation, a local linear dimensionality reduction method based on the nearest neighbor scheme have been
proposed [22]. Sliced inverse regression (SIR) [23] and principal Hessian directions (PHD) [24] are also very popular dimensionality reduction techniques
for regression problems in statistics.
4

In this paper, the ICA-FX for classification problems is extended to regression
problems. Because the output class label is coded as a numerical value in the
original ICA-FX algorithm, the method can be easily extended to regression
problems without changing much from the original ICA-FX which was developed for classification problems. We apply the ICA-FX to several regression
problems and the performances of ICA-FX are compared with those of other
methods.
This paper is organized as follows. In Section 2, we briefly review the ICA
algorithm. In Section 3, we develop ICA-FX for regression problems. This
follows almost the same steps as we did for classification problems. Experimental results showing the advantages of the proposed algorithm are presented
in Section 4 and conclusions are provided in Section 5.

2

Review of ICA

The problem setting of ICA is as follows. Assume that there is an L-dimensional
zero-mean non-Gaussian source vector s = [s1 , · · · , sL ]T , such that the components si ’s are mutually independent, and an observed data vector x =
[x1 , · · · , xN ]T is composed of linear combinations of sources si , such that
x = Ass

(1)

where A is a full rank N × L matrix with L ≤ N . The goal of ICA is to find
a linear mapping W such that each component of an estimate u of the source
vector
x = W Ass
u = Wx
5

(2)

is as independent as possible. The original sources s are exactly recovered when
W is a pseudo-inverse of A up to some scale changes and permutations. For a
derivation of an ICA algorithm, one usually assumes that L = N , because we
have no idea about the number of sources. In addition, sources are assumed
to be drawn from independent identical distribution pi (si ).

To find W in (2), Bell and Sejnowski [7] have developed the Infomax algorithm,
one of the popular algorithms for ICA, in which they used a feed-forward
neural processor. This neural processor takes x as an input vector. The weight
W is multiplied by the input x to give u and each component ui goes through a
bounded invertible monotonic nonlinear function gi (·) to match the cumulative
distribution of the sources.

From the view of information theory, maximizing the statistical independence
among variables ui ’s is equivalent to minimizing mutual information among
ui ’s. This can be achieved by minimizing mutual information between yi =
gi (ui ), i = 1 · · · L, since the nonlinear transfer function gi (·) does not introduce
any dependencies.

In [7], it has been shown that by maximizing the joint entropy H(yy ) of the
output y = [y1 , · · · , yN ]T of a processor, we can approximately minimize the
mutual information among the output components yi ’s

I(yy ) =

Z

p(yy )
dyy .
p(yy ) log QN
i=1 pi (yi )

(3)

Here, p(yy ) is the joint probability density function (pdf) of a vector y , and
pi (yi ) is the marginal pdf of the variable yi .
6

The joint entropy of the outputs of this processor is
H(yy ) = −

Z

p(yy ) log p(yy )dyy = −

Z

x)
p(x

x)
p(x
x
dx
x)|
log | det J(x

(4)

x) is a Jacobian matrix whose (i, j)th element is the partial derivawhere J(x
x) = W . Differentiating H(yy ) with respect to W
tive ∂yj /∂xi . Note that J(x
and applying natural gradient by multiplying W T W on the right, we get the
learning rule for ICA:
u)uT ]W
∆W ∝ [I − ϕ (u
where


u) = −
ϕ (u

∂p1 (u1 )
∂u1

p1 (u1 )

,··· ,−

∂pN (uN )
∂uN

pN (uN )

(5)
T

 .

(6)

In this paper, we adopt the extended Infomax approach [8] because it is easy
to implement with less strict assumptions on source distribution.

3

ICA-FX for Regression

ICA outputs a set of maximally independent vectors that are linear combinations of the observed data. Although these vectors might have some applications in such areas as blind source separation and data visualization, it is
not suitable for feature extraction for supervised learning, because it does not
make use of the output target information. The effort to incorporate the standard ICA with supervised learning has been made in our previous work [15],
where a new feature extraction algorithm, ICA-FX for classification problems
was proposed. In this paper, the original ICA-FX algorithm for classification
problems is extended to regression problems.
Before we present our algorithm, we formalize the purpose of feature extraction
7

for regression problems.
The success of a feature extraction algorithm depends critically on how much
information about the target variables is contained in the newly generated
features. This can be formalized as follows.

(Problem statement) Assume that there are a normalized input vector,
x = [x1 , · · · , xN ]T , and target variables, t = [t1 , · · · , tNt ]T . The purpose of
feature extraction for regression problems is to extract M (≤ N ) new features
fa = [f1 , · · · , fM ]T from x , containing the maximum information on the target
variables t . Here Nt is the number of target variables.

In information theory, the information between random variables is measured
by mutual information and the above problem statement can be formalized
using this information theoretical term as follows:

(Problem statement - information theoretic view) The purpose of a
feature extraction for regression problem is to extract M (≤ N ) features f a
from the original input vector x , such that I(ff a ; t ), the mutual information
between newly extracted features f a and target variables t becomes maximum.

The main idea of the proposed method is simple. It tries to apply the standard
ICA algorithms to feature extraction for regression problems by making use
8
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Fig. 1. Feature extraction algorithm based on ICA (ICA-FX)

of the target variables to produce two sets of new features; features that carry
as much information on the target variables (these features will be useful for
regression) as possible and the others that do not (these will be discarded).
The advantage is that the general ICA algorithms can be used for feature
extraction by maximizing the joint mutual information between the target
variables and new features.

Now consider the structure shown in Fig. 1. Here, the original input vector x
is fully connected to u = [u1 , · · · , uN ], the target vector t is connected only to
u a = [u1 , · · · , uM ], and uN +l = tl for l = 1, · · · , Nt . In the figure, the weight
9

matrix W ∈ ℜ(N +Nt )×(N +Nt ) becomes
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(7)

where W ∈ ℜN ×N and V = [VaT , 0 TN −M,Nt ]T ∈ ℜN ×Nt . Here the first nonzero
M rows of V is denoted as Va ∈ ℜM ×Nt .
As stated before, in information theoretic view, the aim of feature extraction
is to extract M new features f a from the original N input variables, x , such
that I(ff a ; t ), the mutual information between newly extracted features f a and
the target variables t is maximized.
Because of the data processing inequality it is maximized when I(ff a ; t ) bex; t ), the mutual information between the original input
comes equal to I(x
variables x and the target variables t .
This can be satisfied if we can separate the input space spanned by x into two
linear subspaces: one that is spanned by f a = [f1 , · · · , fM ]T , which contains
the maximum information on the target variables t , and the other spanned by
f b = [fM +1 , · · · , fN ]T , which is independent of t as much as possible.
10
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Fig. 2. Interpretation of Feature Extraction in the BSS structure

The condition for this separation can be derived as follows. If it is assumed
that W is nonsingular, then x and f = [f1 , · · · , fN ]T span the same linear
space. Because f can be represented with f a ⊕ f b = [ff Ta , f Tb ]T , the direct sum
of f a and f b , it becomes
x; t ) = I(Wx
x; t ) = I(ff ; t ) = I(ff a ⊕ f b ; t ) ≥ I(ff a ; t ).
I(x

(8)

The first equality holds because W is nonsingular. The second and the third
equalities are from the definitions of f , f a and f b . The last inequality is the
data processing inequality [17] which holds if I(ff b ; t ) = I([uM +1 , · · · , uN ]T ; t ) =
0.
If this is possible, the dimension of the input space can be reduced from N to
M (< N ) by using only f a instead of x , without losing any information on the
target variables.
To meet the equality condition I(ff b ; t) = 0 of (8), the feature extraction
problem is interpreted in the structure of the blind source separation (BSS)
problem as shown in Fig. 2. The detailed description of each step is as follows:
(Mixing) Assume that there are N independent sources s = [s1 , · · · , sN ]T
which are also independent of the target variables t . Assume also that the
11

observed input vector x is a linear combination of the sources s and t with the
mixing matrices A ∈ ℜN ×N and B ∈ ℜN ×Nt , i.e.,
x = Ass + Btt.

(9)

(Unmixing) As shown in Fig. 1, the unmixing stage is slightly different from
the BSS problem. In the figure, the unmixing equation becomes
u = Wx
x + V t.

(10)

Suppose u is somehow made equal to e , the scaled and permuted version of the
source s , i.e.,
e , ΛΠss

(11)

where Λ is a diagonal matrix corresponding to an appropriate scale and Π is a
permutation matrix. The ui ’s (i = 1, · · · , N ) are then independent of the target
x(= u − V t ),
variables t by the assumption. Among the elements of f = Wx
f b = [fM +1 , · · · , fN ]T will be independent of t because the ith row of V is
zero, i.e., Vi = [wi,N +1 , · · · , wi,N +Nt ] = 0 , and fi = ui for i = M + 1, · · · , N .
Therefore, the M (< N ) dimensional new feature vector f a that contains the
most information on the target can be extracted by a linear transformation of
the input vector x if the relation u = e holds.
The learning rule for the ICA-FX for regression is obtained by the same way as
that of ICA-FX for classification problem using the MLE (maximum likelihood
estimation) approach as follows.
If it is assumed that u = [u1 , · · · , uN ]T is a linear combination of the source
s ; i.e., it is made equal to e , a scaled and permutated version of the source, s ,
12

as in (11), and that each element of u is independent of the other elements of
u , which is also independent of the target vector t , the log likelihood of W for
xl , t l )}nl=1 becomes the following:
a given data D = {(x
W |D) = n log | det W | +
L(W

n X
N
X

log pi (uli ) +

l=1 i=1

n
X

log p(ttl ).

(12)

l=1

Here, l denotes an index of the observed data and n is the number of samples.
The above equation is because
W |D) = p(D|W
W) =
L(W

n
Y

l=1

xl , t l |W
W)
p(x

and
x, t |W
W ) = | det W | p(u
u, t ) = | det W |
p(x

N
Y

pi (ui ) p(tt).

i=1

Now, by the steepest ascent method L can be maximized. Because the last
term in (12) is a constant, differentiating (12) with respect to W leads to
n
adj(wj,i ) X
∂L
ϕi (uli )xlj
1 ≤ i, j ≤ N
=n
−
∂wi,j
| det W |
l=1
n
X
∂L
=−
ϕi (uli )tlj
1 ≤ i ≤ M, 1 ≤ j ≤ Nt
∂wi,N +j
l=1

(13)

i (α)
where adj(·) is adjoint and ϕi (α) = − dpdα
/pi (α) .

It can be seen that | det W | = | det W | and

adj(wj,i )
| det W |

−T
= Wi,j
. Thus the learning

rule becomes
∆W ∝ W −T −

n
1X
ul )x
xlT
ϕ (u
n l=1

n
1X
ula )ttlT .
∆Va ∝ −
ϕ (u
n l=1

(14)

ul ) , [ϕ1 (ul1 ), · · · , ϕN (ulN )]T and ϕ (u
ula ) , [ϕ1 (ul1 ), · · · , ϕM (ulM )]T .
Here ϕ (u
Applying a natural gradient on updating W , by multiplying W T W on the
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right side of the first equation of (14), the following is obtained.
W (n+1) =W (n) + µ1 [IN −
Va(n+1)

=Va(n)

n
1X
ul )ff lT ]W (n)
ϕ (u
n l=1

n
1X
ula )ttlT .
ϕ (u
− µ2
n l=1

(15)

Here µ1 and µ2 are the learning rates that can be set differently. By this
weight update rule, the resulting ui ’s will have a good chance of fulfilling
the assumption that ui ’s are not only independent of one another but also
independent of the target variables t . Note that the performance of this method
depends on how the data is distributed to satisfy the assumption. Because the
learning rule involves matrix multiplications, the computational complexity of
the algorithm is O(nN 3 ).
Note that the learning rule for W is the same as the original ICA learning
x.
rule in [7], and also note that f a corresponds to the first M elements of Wx
Therefore, the optimal features f a can be extracted by the proposed algorithm
when it finds the optimal solution for W by (15).

4

Experiment Results

In this section, we have applied ICA-FX to several regression problems and
compared the performances of ICA-FX with those of other conventional methods such as PCA, MLR, SIR and PHD.
For all the problems, various regression methods such as multi-layer perceptron
(MLP) [25], support vector machine (SVM) [26], and k-nearest neighborhood
(k-NN) regression [27] were used to obtain the performance of each feature
extraction algorithm.
14

For MLP, standard MLP with one hidden layer was used. The number of
input nodes was set to the number of extracted features and one output node
was used. For each problem, various numbers of hidden nodes (2, 4, 6, 8, 10,
15, and 20) were used in the training and the one with best performance on
the test data was chosen. As transfer functions of hidden and output layers,
tansig (tangent sigmoid) and purelin (pure linear ) were used respectively. As a
training rule of the MLP, trainlm (Levenberg-Marquardt) was used. The weight
update rule of the method is
Wmlp (k + 1) = Wmlp (k) − (J T J + αI)−1 J T e mlp .
Here, J is the Jacobian matrix that contains first derivatives of the network
errors with respect to the weights, and e mlp is a vector of network errors. For
adaptive value α, default settings of the Matlab were used [25].
For SVM, the SVM for regression presented in [26] [28] was used. For each
problem, polynomial kernels of degree 1,2, and 3 were trained and the one
with best performance on the test data were chose. All the other parameters
were set to default values.
For k-NN regression, the following weighted version of the k-NN regression
[27] was used
Pk

q(zz , z i )tti
z , z i)
i=1 q(z

t̂t̂(zz ) = Pi=1
k

(16)

where z i indicates the i-th nearest neighbor of the data point z and t i is the
corresponding target vector. The kernel function q(zz , z i ) =

1+

√1

||zz −zz i ||

was used

throughout the experiments. Here, ||·|| is an L2-norm of a vector. The number
of neighbors k was varied among one, three and five for all the problems.
Note that the experimental results of ICA-FX can vary depending on the initial
15

condition of the rate updating rule because there may be many local optimum
solutions. In ICA-FX, the learning rate µ1 and µ2 should be selected carefully.
If they are too large, the algorithm diverges, while if they are too small, the
learning slows down. Several values were tested and both µ1 and µ2 were set
to 0.02 in all the experiments. The ICA-FX algorithm terminated if either the
maximum number of iterations were reached or the change of log likelihood in
W (n) |D) − L(W
W (n−1) |D) | < ǫ. In all the
(12) was below a threshold ǫ, i.e., | L(W
experiments, the number of maximum iterations was set to 500 and ǫ = 10−6
was used.
For all the problems below, the number of target variables is one. Therefore,
the target variable is denoted by t instead of bold-faced t .

4.1 Artificial Problems

4.1.1 Linear Case
Suppose we have five independent input variables x1 ∼ x5 which have Gaussian
distributions with zero mean and unit variance. Also suppose that the target
output variable t has the following relationship with the input x :
t = 2x1 + 3x3 + z,
where z is a Gaussian random noise with zero mean and variance of 0.1.
For this problem, 1000 samples were generated. Ten-fold cross-validation was
applied to report the performances of various feature extraction algorithms
such as PCA, MLR, SIR, PHD and ICA-FX. For comparison, we also reported
the performance of regression with the original 5 inputs. Five regression meth16

ods, MLP, SVM, and k-NN regression with k = 1, 3, 5, were tested and the
averages of the five methods were reported in Table 1. For MLP, various numbers of hidden nodes (2, 4, 6, 8, 10, 15, and 20) were used in the training
and the best performance on the test data was used in the averaging process.
Likewise, for SVM, the polynomial kernels of degree 1, 2, and 3 were trained
and the best performance on the test data was used in the averaging.
In the table, we also reported the best performance among the five regression
methods in the second row of each feature extraction algorithm. The performances are the root mean square (rms) errors on the test data. The numbers
in the parentheses are the averages of standard deviations for each feature
extraction algorithm.
As can be seen in the table, when the number of extracted features was one, all
the feature extraction algorithms except PCA and PHD performed well and
resulted almost the same average rms error around 0.12. Note that MLR is
optimal in the least squared error sense, but in some regression methods such
as MLP, ICA-FX performed slightly better than MLR. This is due to the fact
that the reported rms error is on the test data. The reason PHD performed
poorly can be explained by the fact that there is no Hessian direction because
the target value is linear to the input variables. As the number of extracted
features increased, the performances of all the other methods except PCA
and PHD became worse while those of PCA and PHD improved. From this
we can infer that all the feature extraction algorithms except PCA and PHD
extracted a near best feature as the first feature and the added features from
the second to the fifth did not contribute to the enhancement of the regression
performance. On the other hand, PCA and PHD failed to extract a good
feature as the first one and the added information in the additional features
17

Table 1
Performance for the simple linear dataset (rms error). Averages of five regression
methods (MLP, SVM, 1-NN, 3-NN, and 5-NN). Each methods were tested with 10fold CV and the numbers in the parentheses are the averages of standard deviations
corresponding to each regression method. The second row of each feature extraction
algorithm shows the best performance among the five regression methods.
No. of Features

1

2

3

4

5

Original

–

–

–

–

0.70 (0.07)

–

–

–

–

0.09 (MLP)

3.32 (0.45)

3.05 (0.12)

3.00 (0.16)

3.05 (0.16)

0.70 (0.06)

2.84 (SVM)

2.61 (SVM)

2.59 (SVM)

2.69 (MLP)

0.09 (MLP)

0.13 (0.02)

–

–

–

–

0.10 (MLP)

–

–

–

–

0.14 (0.02)

0.25 (0.04)

0.40 (0.04)

0.55 (0.04)

0.70 (0.06)

0.11 (MLP)

0.11 (MLP)

0.10 (MLP)

0.10 (MLP)

0.09 (MLP)

3.24 (0.49)

3.09 (0.42)

2.64 (0.66)

1.40 (0.72)

0.70 (0.06)

2.75 (SVM)

2.40 (SVM)

2.32 (MLP)

0.98 (MLP)

0.09 (MLP)

0.12 (0.02)

0.13 (0.02)

0.14 (0.02)

0.15 (0.03)

0.16 (0.03)

0.09 (MLP)

0.09 (MLP)

0.09 (MLP)

0.09 (MLP)

0.09 (MLP)

PCA

MLR

SIR

PHD

ICA-FX

contributed to the performance enhancement of the regression system.
Note that regardless of the number of extracted features, ICA-FX performed
the best. In addition, the average rms error of ICA-FX did not degrade much
compared to that of SIR as the number of extracted features increased. This
is due to the fact that in SIR, the extracted features were orthogonal to
one another that the second to fifth extracted features contained little information about the target variable and acted as noises in regression systems. On the other hand, since the structure of weight matrix in (7) de18

pends on the number of extracted features M , the n-th extracted features
of ICA-FX were different from one another as the number of extracted features M varied. For example, when we set M = 1, the extracted feature
was f1 = −5.564x1 + 0.017x2 − 8.562x3 + 0.008x4 + 0.001x5 , while when
M = 2, they became f1 = 5.973x1 + 0.062x2 + 9.189x3 − 0.019x4 + 0.006x5
and f2 = 0.754x1 − 0.830x2 + 1.070x3 + 0.311x4 − 0.121x5 . Note that when
M = 1, the weight vector of f1 was almost parallel to [2, 0, 3, 0, 0]T which is
the optimal value. Note also that when M = 2, the first feature was almost
the same as that of M = 1 and for the second feature, the ratio between
the weights corresponding to x1 and x3 was almost 2 : 3 which was the same
as the optimal solution, while the weights corresponding to the other inputs
were raised much. This shows that f2 as well as f1 contained some information
about the target variable when we set M = 2.

When the number of extracted features is equal to the original number of features, 5, the average rms errors of different methods except ICA-FX were the
same (0.70) and that of ICA-FX was far better than this (0.16). This result
was originated from the k-NN regression method. Considering that PCA, SIR,
and PHD search for orthogonal transformations, the Euclidian distance between two points in the original input space is preserved in the feature space
generated by these methods if the dimension of the feature space is equal
to that of the original input space. Therefore, the k-NN regression method,
which is based on the Euclidian distance, results in the same rms errors for
these methods. On the other hand, because ICA-FX produces non-orthogonal
transformations, the Euclidian distance is not preserved by ICA-FX and its
rms error by k-NN regression becomes different from those of other methods.
In case of MLP and SVM, the rms errors with 5 features were almost the same
19

regardless of the dimensionality reduction methods.
As can be seen in the table, SVM and MLP performed better than k-NN
regression regardless of the number of extracted features but the performance
differences among different regression methods were not high.
As a summary, in ICA-FX, all the M extracted features shared information
about the target variable and the performance of regression did not degrade
much as the number of extracted features increased. However, since the extracted feature corresponding to M = 1 was near optimal, the performance of
regression system degraded slightly in ICA-FX also.

4.1.2 Nonlinear Case
Suppose we have five independent input variables x1 ∼ x5 which have Gaussian
distributions with zero mean and unit variance. Furthermore, suppose that the
target output variable t has the following nonlinear relationship with the input
x:
t = sin(x2 + 2x4 ) + z.
Here, z is the Gaussian random noise with zero mean and variance of 0.1.
For this problem, 1000 samples were generated. Ten-fold cross-validation was
applied to this dataset and the performances of various feature extraction
algorithms on the test data are reported in Table 2. The numbers in the table
are the average rms errors of five regression methods: MLP, SVM, 1-NN, 3NN, 5-NN. For comparison, we also showed the performance with the original
5 inputs in the table. The rms error of MLP used in the averaging process was
the best one among different numbers of hidden nodes (2, 4, 6, 8, 10, 15, and
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Table 2
Performance for the nonlinear dataset (rms error). Averages of five regression methods (MLP, SVM, 1-NN, 3-NN, and 5-NN). Each methods were tested with 10-fold
CV and the numbers in the parentheses are the averages of standard deviations corresponding to each regression method. The second row of each feature extraction
algorithm shows the best performance among the five regression methods.
No. of Features

1

2

3

4

5

Original

–

–

–

–

0.44 (0.03)

–

–

–

–

0.07 (MLP)

0.80 (0.04)

0.80 (0.04)

0.77 (0.05)

0.68 (0.07)

0.44 (0.03)

0.68 (SVM)

0.70 (SVM)

0.68 (MLP)

0.57 (5-NN)

0.07 (MLP)

0.65 (0.04)

–

–

–

–

0.56 (MLP)

–

–

–

–

0.62 (0.05)

0.63 (0.04)

0.61 (0.04)

0.60 (0.07)

0.44 (0.04)

0.53 (MLP)

0.52 (MLP)

0.50 (MLP)

0.45 (MLP)

0.07 (MLP)

0.79 (0.03)

0.76 (0.03)

0.72 (0.05)

0.65 (0.08)

0.44 (0.03)

0.69 (SVM)

0.67 (MLP)

0.63 (MLP)

0.53 (MLP)

0.07 (MLP)

0.59 (0.10)

0.55 (0.09)

0.49 (0.07)

0.45 (0.04)

0.43 (0.04)

0.50 (MLP)

0.45 (MLP)

0.31 (MLP)

0.17 (MLP)

0.07 (MLP)

PCA

MLR

SIR

PHD

ICA-FX

20). Likewise, the rms error of SVM was set to the best one with polynomial
kernels of degree 1,2, and 3. The numbers in the parentheses are the average
of the five standard deviations corresponding to each regression method. In
the second row, we also show the best rms error among the five regression
methods.
As can be seen in the table, regardless of the number of extracted features,
ICA-FX outperformed the other methods. It even performed better than MLR
which is optimal in the least squared error sense. It is because the rms error
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is on the test data and the mutual information criterion used in ICA-FX is
better suited for nonlinear problems than the least squared error criterion.
In fact, the weight vector for MLR was [0.036, 0.401, −0.012, 0.847, −0.347]T
while it was [0.000, −0.466, −0.009, −0.935, 0.061]T for ICA-FX with M = 1.
Note that the weights of x1 , x3 and x5 are smaller in ICA-FX than MLR and
the ratio between the second and the forth weights is closer to the optimal
ratio 1 : 2 in ICA-FX than that in MLR. As in the linear case, compared
to the other methods, the performance of ICA-FX did not vary much with
different numbers of extracted features. Among the five regression methods,
MLP was the best in many cases.

4.2 Real world datasets

4.2.1 Housing - Boston
In this section, we have applied the proposed feature extraction algorithm to
the Housing (Boston) dataset in the UCI Machine Learning Repository [29].
The dataset contains 13 input variables, 12 continuous and 1 binary, and
one continuous target variable. There are total 506 instances. We randomly
divided this dataset into 90% training and 10% test sets 10 times and reported
the average rms error on the test data in Table 3. As in Table 1 and Table
2, the numbers in the table are the averages of the five regression methods
(MLP, SVM, 1-NN, 3-NN, 5-NN) and the numbers in the parentheses are the
averages of the standard deviations of 10 experiments corresponding to the five
regression methods. We also reported the best rms error and the corresponding
regression method in the second row of each feature extraction algorithm.
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Table 3
Performance for the Housing dataset (rms error). Averages of five regression methods (MLP, SVM, 1-NN, 3-NN, and 5-NN). Each methods were tested 10 times and
the numbers in the parentheses are the averages of standard deviations of the 10
experiments corresponding to each regression method. The second row of each feature extraction algorithm shows the best performance among the five regression
methods.
No. of f.

1

3

5

7

9

11

13

Original

–

–

–

–

–

–

3.56 (0.51)

–

–

–

–

–

–

3.28 (MLP)

8.19 (1.18)

4.70 (0.85)

4.24 (0.82)

3.78 (0.68)

3.82 (0.70)

3.59 (0.60)

3.53 (0.63)

7.33 (SVM) 4.43 (5-NN) 3.70 (MLP)

3.36 (SVM)

3.42 (MLP) 3.31 (SVM) 3.27 (MLP)

PCA

MLR

SIR

PHD

4.41 (0.69)

–

–

–

–

–

–

3.65 (MLP)

–

–

–

–

–

–

4.61 (0.73)

4.39 (0.69)

3.80 (0.63)

3.73 (0.71)

3.80 (0.81)

3.85 (0.62)

3.60 (0.63)

3.85 (MLP) 3.65 (MLP)

3.60 (SVM)

3.34 (MLP)

3.37 (MLP) 3.35 (MLP) 3.32 (SVM)

9.07 (1.41)

4.89 (0.96)

4.58 (1.03)

4.01 (0.79)

5.67 (0.94)

3.95 (0.68)

3.63 (0.91)

7.85 (MLP) 5.16 (5-NN) 4.57 (5-NN) 4.24 (3-NN) 3.63 (MLP) 3.61 (MLP) 3.41 (MLP)
ICA-FX 4.32 (0.59) 4.09 (0.53) 3.74 (0.51) 3.37 (0.55) 3.48 (0.63) 3.61 (0.72) 3.61 (0.75)
3.59 (MLP)3.35 (MLP)3.43 (5-NN)3.25 (3-NN)3.20 (MLP)3.27 (SVM)3.35 (MLP)

From the table, we can see that for most numbers of extracted features, ICAFX performed better than other conventional methods. It is so especially when
the number of extracted features was small. The performance of ICA-FX was
almost constant, irrespective of the number of extracted features. On the other
hand, the performances of other methods varied much with different numbers
of extracted features. Note that the best average rms error of ICA-FX was
3.48 and it was slightly better than that using all the 13 original inputs. For
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this dataset, MLP was generally better than other regression methods.

4.2.2 Orange Juice
Orange juice dataset was obtained from the UCL machine learning database
[30]. The purpose of the dataset is to estimate the level of saccharose of an
orange juice from its observed near-infrared spectrum. It consists of 150 training and 68 test examples with 700 input variables. The target is a continuous
variable which corresponds to the level of saccharose.
As can be seen, this problem is a typical example of small sample size (SSS)
problem whose input dimension d(= 700) is much larger than the number of
training samples n(= 150). In classification problems, especially in literatures
on LDA, many techniques have been proposed to cope with the SSS problem
[31] [32] [33] [34]. The simplest approach is to reduce the dimension of the
input space from d to the order of the sample size n(< d). This is achieved
by preprocessing the data with PCA and normalizing each eigenvector corresponding to the nonzero eigenvalue to have unit variance. This method is
usually called as the sphering process. Because the sphering process has the
effect of magnifying the eigenvectors corresponding to small eigenvalues, a
small diagonal matrix can be added to the covariance matrix to reduce this
phenomenon. By doing this, all the eigenvalues of the modified covariance
matrix becomes nonzero and the full input dimension can be utilized in the
learning process. This is usually called as the regularization technique. After
regularization, sphering process can be used to scale each eigenvector. In this
experiment, to resolve the SSS problem, for all the feature extraction methods except PCA, we applied sphering process which reduced the dimension of
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Table 4
Performance for the Orange Juice dataset (rms error). Averages of five regression
methods (MLP, SVM, 1-NN, 3-NN, and 5-NN). The parentheses in ICA-FX are the
standard deviations of 10 experiments. The second row of each feature extraction
algorithm shows the best performance among the five regression methods.
no. of features

1

5

9

13

700

Original

–

–

–

–

10.34

–

–

–

–

8.10 (MLP)

10.73

11.07

10.37

10.45

–

9.14 (MLP)

9.10 (5-NN)

8.15 (MLP)

8.55 (MLP)

–

9.42

–

–

–

–

7.46 (5-NN)

–

–

–

–

10.56

10.78

10.21

10.45

–

9.32 (5-NN)

9.14 (5-NN)

6.97 (MLP)

8.45 (MLP)

–

12.50

10.93

10.62

10.39

–

9.18 (MLP)

9.36 (5-NN)

8.68 (MLP)

8.25 (MLP)

–

8.51 (1.34)

7.88 (0.97)

7.85 (0.91)

8.01 (0.96)

–

7.13 (MLP)

7.00 (5-NN)

6.27 (MLP)

6.15 (MLP)

–

PCA

MLR

SIR

PHD

ICA-FX

input space into 149(= n − 1).
Table 4 shows the averages of the rms errors on the test dataset obtained by
the five regression methods (MLP, SVM, 1-NN, 3-NN, and 5-NN) with various
feature extraction algorithms. Because the result of ICA-FX depends on the
initial random weight, we performed ICA-FX with different initial weights
10 times and showed the standard deviations in the parentheses. As in the
previous tables, the best rms errors among the five regression methods were
shown in the second row of each feature extraction algorithm.
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For this problem, the MLR performed better than other methods except ICAFX. ICA-FX performed best regardless of the number of extracted features.
When the number of features was one, the average rms error of ICA-FX was
better than MLR by around 0.9 and it was better than the other methods at
least by 2.0 regardless of the number of features.
The best rms error of ICA-FX was obtained by MLP when 13 features were
extracted. Comparing different regression systems, MLP and 5-NN regression
were relatively better than other methods. More specifically, when the number
of extracted features is small, the performance of 5-NN was comparable to
that of MLP. However, as the number of extracted features increases, MLP
outperformed 5-NN. The reason is because we used Euclidian distance (L2norm) in k-NN and if the dimension of input space is too high, the inputs
that contain little information on the target variable act as noise, leading to a
degraded performance. When MLP was used, the 700 original inputs resulted
in rms error of 8.10 while the best rms error of ICA-FX with MLP was 6.15
which was obtained when M = 13. From this experiment, we can see that
ICA-FX performs good not only for the problems with small numbers (several
tens) of original input variables but also for the problems with relatively large
numbers of inputs up to several hundreds.

5

Conclusions

In this paper, we have extended the feature extraction algorithm ICA-FX to
regression problems. The proposed algorithm is based on the standard ICA
and can generate very useful features for regression problems.
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Although ICA can be directly used for feature extraction, it does not generate
useful information because of its unsupervised learning nature. In the proposed
algorithm, we added output target information in training ICA. With the
additional target information we can extract new features containing maximal
information about the target.
Since it uses the standard feed-forward structure and learning algorithm of
ICA, it is easy to implement and train. Experimental results for several data
sets showed that the proposed algorithm generates good features that outperform the original inputs and other features extracted from other methods. Because the original ICA is suited for processing large datasets such as
biomedical ones, the proposed algorithm is also expected to perform well for
large-scale regression problems.
In the proposed method, the number of extracted features can be arbitrarily
chosen. However, the best number of extracted features are not known in
advance. In our future work, we will study how to systematically determine
the number of extracted features for the proposed method.
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