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Abstract—In this paper, we derive a maximum a posteriori
(MAP) classifier using the features extracted by biased discriminant analysis (BDA) in multi-class classification problems.
Using the one-against-the-rest scheme we construct several feature spaces, where the MAP classifier is formulated. Although
the maximum likelihood (ML) classifier is generally equivalent
to the MAP classifier when the prior probability of each class
is the same, an additional assumption is needed for the ML
classifier to have the same results as the MAP classifier using
the features extracted by BDA. We also show that the ML
classifier is the same as the nearest to the mean classifier
under some assumption. In order to estimate the distribution of
negative samples in each reduced space, we can use the Parzen
window density estimation or the Gaussian mixture model.
Experimental results on several data sets indicate that the
MAP classifier with BDA features provides better classification
result than using the features extracted by linear discriminant
analysis (LDA) or LDA using the Chrenoff criterion.
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I. I NTRODUCTION
In classification problems with large number of input
variables, input features are extracted so that the input dimension is reduced and the resulting classifier is simple and
has robust performance. Among the linear dimensionality
reduction (LDR) techniques, the linear discriminant analysis
(LDA) [1], [2] is the most popular and successful. In LDA,
it is to find a transformation so that the ratio of the between
class scatter and the within class scatter is maximized. It is
very simple and powerful, especially when the differences
among the class means are large compared to class variances.
In LDR methods, it is usually assumed that there are more
than one class and each sample of the class is clustered
around the class center. However, in many classification
problems we are only interested in discriminating one class
from the others. This is the one-against-the-rest problem and
some of typical examples are face detection, eye detection,
and content-based image retrieval. In these problems, positive samples can be assumed to be located close together,
but no assumption can be made on the distribution of
negative samples. For these problems the conventional LDA
may not extract good features because it tries to cluster
negative samples as well as positive samples and this may
not contribute to the goal of the problem. In addition, for
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two-class problems, the conventional LDA can extract only
one feature because the rank of the between-class scatter
matrix is one. Several techniques have been introduced to
extract more than one feature [3], [4]. In [3], the Chrenoff
criterion is incorporated in the conventional LDA to make
use of the covariance differences among different classes as
well as the mean differences. However, it still assumes that
the samples in each class are clustered around its center.
Thus, such techniques does not fit to the problems where
negative samples are not clustered.
For the one-against-the-rest problem, the biased discriminant analysis (BDA) was proposed in [5]. BDA finds a
transformation that makes positive samples close together
and negative samples far away from the mean of positive
ones. It was shown in [5] that BiasMap, a kernel version of
BDA, is generally comparable to the kernel support vectors
machine (SVM) and is superior to kernel SVM for various
kernel parameters when the number of negative sample is
less than one hundred. In order to solve the small sample size
(SSS) problem, which occurs when the number of sample
is less than the input dimension, a regularization method
was also proposed in [5]. In such a case the performance of
BDA can be increased by adopting the methods in [6] and
[7]. Even though there is a potential that BDA can provide
better features than LDA in classification problems, BDA is
not widely used compared to LDA.
In this paper, the maximum a posteriori (MAP) classifier
is investigated in using the features extracted from BDA for
muiti-class classification problem. According to the Baysian
decision theory [8], the MAP classifier is equivalent to the
maximum likelihood (ML) under the assumption that all
classes have the same prior probability. However, it will
be shown that an additional assumption is needed in order
for the ML classifier to be equivalent to the MAP classifer
in multi-class classification problems. It will be also shown
that the nearest to the mean classifier is equivalent to the
ML classifer under some assumption.
This paper is organized as follows. In section 2, we briefly
overview the conventional BDA and the one-against-the
rest scheme for applying BDA to multi-class classification
problems. In section 3, we derive the MAP classifier and
show that the MAP classifier is equivalent to the nearest
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to the mean classifier under some condition. Experimental
results are shown in section 4, and conclusion follows in
section 5.
II. P RELIMINARIES
A. Biased Discriminant Analysis
BDA was proposed as a variation of LDA for multimedia
retrieval problems in [5]. It focuses on only one class
(positive) and considers the rest to be negative. Therefore,
BDA tries to cluster positive samples and to place negative
samples far away from positive ones with the assumption
that positive samples are close to each other and there is
no information on the distribution of negative samples. The
problem is to find m projection vectors wi , i = 1, . . . , m
that maximize the following objective function
|WT Sy W|
,
|WT Sx W|
W
W = [w1 , . . . , wm ],

W∗ = arg max

Sx =

Nx


(xi − mx )(xi − mx )T ,

(1)

i=1
Ny

Sy =



positive( C1 ) / negative( C1 )

(yi − mx )(yi − mx )T .

i=1

Here, {xi : i = 1, . . . , Nx } and {yi : i = 1, . . . , Ny } denote
the positive and negative samples respectively, and mx is the
mean vector of positive samples. This optimization problem
is equivalent to the following generalized eigenvalue problem,
(2)
Sy wi = λi Sx wi , i = 1, . . . , m.
This problem can be solved by diagonalizing Sx and Sy
simultaneously [2], [9]. In LDA, the number mLDA of features that can be extracted is limited by min(D−1, l), where
D is the number of classes and l is the input dimension. The
number mBDA of features that can be extracted by BDA is
greater than mLDA because the rank of Sy is min(Ny , l)
(> min(D − 1, l)).
The Euclidean distance from the positive mean in the
reduced space is used to determine whether a test sample
belongs to a positive class in [5]. However, a classifier

based on Euclidean distance from the positive mean may not
show good performance when the features extracted by BDA
are used. In the next section, we will show that the MAP
classifier can be related to the nearest-to-the-mean classifier
under some condition.
B. Multi-Class Classification using BDA
Let us consider a set Ci of samples each of which belongs
Ci has Ni
to one of D classes, {Ci : i = 1, . . . , D}. Class
D
samples and the total number of samples are N ( i=1 Ni =
N ). Since BDA has been proposed for image retrieval or
detection problems, it focuses on one class (positive) and
does not pay attention on the statistical properties of negative
samples. It considers each negative sample as a class, which
results in (1 + Ny ) classes. However this is not good way to
solve multi-class classification problem. In [10], D reduced
spaces have been constructed by using the one-against-therest scheme in order to apply BDA to D-class classification
problem. As shown in Fig. 1, the samples in the i-th class are
considered positive and the other samples in the remaining
D − 1 classes are considered negative in the i-th reduced
space. Let Wi denote the transformation matrix found in
(1) for the i-th class. Then, a sample z is projected into the
i-th reduced space as
zi = (Wi )T (z − mi ).

(3)

Here, mi is the mean of the samples belonging to Ci in the
original input space. Note that we use z − mi in (3) so that
positive samples have zero-mean in its reduced space. Also,
by using the simultaneous diagonalization technique as in
[2] and [9], the covariance matrix Σji of the in Cj samples
in the i-th reduce space can be made to be an identity matrix
when i = j. Hearafter, we assume that Σii = I.
III. MAP AND ML CLASSIFIERS
In Baysian decision theory [8], a sample z is assigned to
the class Ci that has the maximum a posteriori probability
P (Ci |z). In the one-against-the-rest scheme for BDA, we
must use P (Ci |zi ) instead of P (Ci |z) because the projection
zi varies depending on i. For the MAP classifier, a test

sample z is assigned to class CMAP (z) as the following
CMAP (z) = arg max P (Ci |zi )
i

= arg max
i

p(x|C1)

(4)

P (Ci )p(zi |Ci )
.
p(zi )

C1
(-2,1.5)

Since p(zi ) depends on the argument i and can be represented as

(-3,0)

C3

where C represents the classes except Ci , P (Ci ) = Ni /N ,
and P (C i ) = 1 − p(Ci ). While p(zi |Ci ) can be assumed
to be the Gaussian distribution with zero-mean and identitycovariance matrix, p(zi |C i ) is unknown since there is no
information on the distribution of negative samples. However, we can estimate p(zi |C i ) by using the Parzen window
density estimation [11]. Given a set of negative samples
i
in the i-th reduced space, p(zi |C i ) can be
y1i , · · · , yN
y
calculated as
Ny
1 
φ(zi − yji , h),
p(zi |C i ) =
Ny j=1

(5)

p(x|C2)

Figure 2.
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posteriori classifier CMAP (z), it needs to be assumed that
p(z1 ) = · · · = p(zD ) as well as P (C1 ) = · · · = P (CD ).
CMAP (z) = arg max P (Ci |zi )
i

Nj
pi (zi |Cj )
N − Ni

(7)

pi (zi |Cj ) =

− µi )T (Σij )−1 (zi
 j
1
(2π)m |Σij | 2

−

Under these the assumptions,
CML (z) = arg max p(zi |Ci )
i

exp[− 12 (zi − µii )T (Σii )−1 (zi − µii )]

1
i
(2π)m |Σii | 2
1
= arg min (zi − µii )T (Σii )−1 (zi − µii )
2
i
= arg min zi ,
= arg max

i

where
exp[− 21 (zi

= CML (z)

(6)

where Σ is a covariance matrix of n-dimensional vectors.
However, it requires a lot of computational effort to estimate
the density by the Parzen window. If it is assumed that
the samples in each class has Gaussian distribution in the
reduced space, p(zi |C i ) can be represented as a mixture of
D − 1 Gaussian distributions.

j=1
j=i

P (Ci )p(zi |Ci )
p(zi )
i
i
= arg max p(z |Ci )

= arg max
i

vT Σ−1 v
1
exp(−
),
2h2
(2π)l/2 hn |Σ|1/2

D


µij )]

(0,-2)

p(x|C2)

where φ(·) and h are the window function and the window
width parameter, respectively. The Gaussian window function is given by

p(zi |C i ) =

(3,0)
C4

p(x|C1)

p(zi ) = P (Ci )p(zi |Ci ) + P (C i )p(zi |C i ),

φ(v, h) =

(0,2)

C2

.

(8)

Here, µij is the mean of the samples belonging to the j-th
class in the i-th reduced space and | · | is the determinant
operator. As a result, we can assign a test sample z to
the class CMAP (z) that maximizes a posteriori probability
P (Ci |zi ) by using either (5) and (6) or (7) and (8).
According to the Bayesian decision theory [8], the MAP
classifier is equivalent to the maximum likelihood (ML)
classifier under the assumption that each class has the
same prior probability. In order for the maximum likelihood
classifier CML (z) to be equivalent to the maximum a

(9)

because µii = 0 and Σii = I.
Note that zi  is the Euclidean distance between a test
sample and the positive mean in the i-th reduced space.
Therefore, the ML classifier gives the same result as the
Euclidean distance-based classifier under the assumption.
Even though CML (z) needs only D distances to classify a
test sample, the assumption p(z1 ) = · · · = p(zD ) is not true
in general. To obtain better classification performance, we
should use the MAP classifier instead of the ML classifier.
An example of this is illustrated in Fig. 2. There are four
classes and the samples in each class has the Gaussian
distribution with the mean [0 2]T , [−3 0]T , [0 − 2]T ,
[3 0]T and the covariance matrices I. Each circle represents
the contour corresponding to one standard deviation from

Table I
UCI D ATA SETS USED IN THE EXPERIMENTS
Data set

# of variables

# of class

# of instances

Balance

4

3

625

Breast cancer

9

2

683

Heart disease

13

2

297

Ionosphere

34

2

351

Pima

8

2

768

Sonar

60

2

208

Vehicle

18

4

846

Table II shows that MAP (Par) classifier gives better
performance than the nearest to the mean (N2M) classifier
in most cases. There are some cases that N2M classifier
gives better classification rate, but the differences are very
negligible. Generally, the MAP (Par) classifier using the
features extracted by BDA gives better than the MAP (Par)
classifier using the features extracted by LDA or LDA with
the Chrenoff criterion. Since the MAP (GMM) classifier
gives nearly the same results as the MAP (Par) classifier,
one can use the MAP (GMM) classifier to save computation
cost without sacrificing performance.
V. C ONCLUSION

the center of a class and the lines represent the optimal
decision boundary. We assume that each class has the same
prior probability. Though this problem is difficult to solved
by using LDA, BDA can find the feature which can well
separate the samples in one class from the others.
Let us consider a test sample z = [−2 1.5]T which
should be classified as C2 . As can be seen in the figure,
the transformation vector which makes the samples in C1
close together and the others far away from the mean of
C1 is [0 1]T and similarly it is [1 0]T for the samples
in C2 , and these can be found from (1). The reduced
spaces for C1 and C2 are represented on the left and the
bottom in Fig. 2. Note that the distributions of the negative
samples in the reduced spaces for C1 and C2 are different
from each other. The ML classifier assigns C1 to z since
p(z1 |C1 ) = 0.3521 > p(z2 |C2 ) = 0.2420, which is wrong.
However, z can be classified as C2 by the MAP classifier
because P (C1 |z1 ) = 0.5754 < P (C2 |z2 ) = 0.6914.

In this paper, we derived the MAP classifier which can
be used with the features extracted by BDA in multi-class
classification problems. We constructed several subspaces
from the one-against-the-rest scheme, and formulated MAP
classifier based on the Baysian decision rule. We showed
that under some assumption, the MAP classifier gives the
same result as the ML classifier, which is also equivalent to
the nearest to the mean classifer under another assumption.
We could use the Parzen window density estimation or the
Gaussian mixture model to estimate the distribution of negative samples, which is used in the MAP classifier. Through
experimental results, we showed the MAP classifier using
the features extracted by BDA, rather than LDA or LDA
with the Chrenoff criterion, gave the best performance. We
also demonstrated that GMM can be an effective alternative
to the Parzen window for the MAP classifier to reduce the
computational time.
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IV. E XPERIMENTS
In this section, we evaluate the performance of MAP
classifier using the Parzen window (Par) and Gaussian
mixture model (GMM), and the nearest to the mean (N2M)
classifier by using seven data sets from the UCI machine
learning repository [12] as shown in Table I. The features
were extracted by BDA, LDA, and LDA using the Chrenoff
distance (Chre-LDA) [3]. In finding the solution for (1),
x)
I instead of Sx as
we used Sx = (1 − μ)Sx + μ tr(S
l
in [5]. Here, μ is a regularization parameter and was set
to 0.1. For each data set, we performed 10-fold cross
validation 10 times and computed the average classification
rate and its standard deviation. Each input variable in the
training set was normalized to have zero mean and unit
variance, and so were the variables in the test set. For Parzen
window
√ estimation, the window width parameter h was set to
0.3 m, where m denotes the dimension of feature vectors.
The result for each data set is shown in Table II, along
with the optimal number of features in the parentheses. The
best result for each data set is indicated in boldface.
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